It is known that some high-energy processes have a t-channel singularity in the physical region. In this paper we show that this singularity is regularized if one takes into account the finite sizes of the colliding beams, i.e. the realistic situation which takes place at high-energy colliders. On this way we obtain the finite cross section which is linear proportional to the transverse sizes of the colliding beams. As an application of the above result we study the production of the single W boson at µ + µ − colliders in the reaction µ − µ + → eν e W + . For the total energy √ s ≈ 95 GeV and reasonable parameters of the muon beams the "beam-size " dependent part of the cross section for this reaction is of the order of the standard cross section of the µ − µ + → µ −ν µ W + process.
Introduction
It is known since early 60's that some high-energy processes can have a t-channel singularity in the physical region [1] . This situation can occur if initial particles in a given reaction are unstable and the masses of the final particles are such that the real decay of the initial particles can take place.
Recently in the paper [2] it was stressed that this problem turned out to be a practical issue for the reaction µ − µ + → e −ν e W + . It is noted in [2] that the standard calculation of this cross section leads to the infinite result. Indeed, if the invariant mass of the final eν e system is smaller than the muon mass m, the square of the momentum transfer in the t-channel q 2 can be both positive and negative depending on the scattering angles. In the region of small q 2 defined by the inequalities −Λ < q 2 < Λ and Λ ≪ m 2 the main contribution to the discussed cross section is given by the diagram with the exchange of the muonic neutrino in the t-channel (see fig.1 ). The t-channel propagator brings the factor 1/q 2 to the matrix element M of this process
which results in the power-like singularity in the standard cross section
It is, therefore, necessary to find physically reliable method to produce definite prediction for the measurable number of events. In the paper [2] (see also [1] ) it was suggested to regularize this divergence by taking into account the instability of muons in the initial state. If this is the case, then the muon mass is the complex quantity with the imaginary part proportional to the muon width Γ. It is possible then to solve the energy-momentum conservation constraints with the conclusion that the square of the momentum transfer in the t-channel acquires imaginary part proportional to the muon width. This observation leads to the replacement
The divergent integral in (2) is therefore regularized
Consequently direct calculation of the scattering cross section becomes possible. We note in this respect that if such a regularization is performed, it is possible to estimate the typical time necessary for this reaction to occur. It is not difficult to see that this time is of the order of the moving muon life time, i.e. much more larger than the time necessary for muon beams to cross each other. Therefore for the realistic muon colliders the results of ref. [2] are not applicable and a new consideration is necessary.
We have found that for the realistic muon colliders there exist much more important effect connected with the finite beam sizes. In this paper we are going to show that accounting for the finite sizes of the colliding beams gives a finite cross sections for the processes like
with the t-channel singularity in the physical region. This is the main result of our paper.
As an example, we reconsider reaction µ − µ + → eν e W + and show that the actual cross section of this process for the total energy √ s ∼ 100 GeV is approximately 1 fb for the typical transverse beam sizes a ∼ 10 −3 cm. Let us mention here that the effect of the finite beam size at the high-energy colliders is well studied both experimentally and theoretically (for the review see ref. [3] ). For the first time this beam-size effect (BSE) was observed at the VEPP-4 collider (Novosibirsk) in 1980-81 during the study of the single bremsstrahlung in the electron-positron collisions [4] . This year the BSE was observed at HERA in the reaction ep → epγ [5] . In both cases the number of observed photons was smaller than it was expected according to the standard calculations. The decreased number of photons was explained by the fact that impact parameters, which gave essential contribution to the standard cross section of these reactions, were larger by 2-3 orders of magnitude as compared to the transverse beam sizes. From the theoretical point of view, the BSE represents a remarkable example of the situation where traditional notion of the cross section and the standard formulae for the number of events are not valid.
Let us briefly outline the principal points of our consideration. The standard rules for calculations in high-energy physics correspond to the collision of plane waves which represent initial states of colliding particles. Instead of this we consider collision of the wave packets which correspond to the particle beams in the initial state. As a consequence the standard rules are modified (see detailed discussion in the section 3). For instance, in the eq.(2) the following replacement takes place:
Here M f i and M f i ′ are the matrix elements with identical final but different initial states. The difference in the momenta of the initial states is of the order of 1/a for the beam of the transverse size a. Due to this fact the singular propagators 1/q 2 (which are the reason for the pathological behaviour of the cross section) are now taken in the different points of the momentum space for the amplitudes M f i and M f i ′ :
Consequently the infinite factor B is replaced by:
Below we show that
and that the main contribution to this integral is given by the pole of the neutrino propagator q 2 + λ − iǫ = 0, i.e. by the real neutrino. This means [6] that the effect under discussion is connected with the decay µ − → e −ν e ν µ and subsequent scattering of the real muonic neutrinos on the µ + beam. As discussed in detail below these neutrinos have a broad energy spectrum (see fig. 2 )
(x is the fraction of the µ − energy carried by neutrino). In accordance with the eq.(7), the total number of these neutrinos (per one muon) is proportional to the typical transverse beam size a:
where τ = 1/Γ is the muon life time, cτ = 660 m. As a consequence the "non-standard" contribution to the cross section is also proportional to the transverse beam size
Let us mention here that in all the previous cases when the effects of the finite beam sizes have been studied, the results depend logarithmically on the beam size:
In contrast to this, in our case ( t-channel singularity in the physical region ) the cross section (10) is linear proportional to the transverse sizes of the colliding beams. The subsequent part of the paper is organized as follows: in the next section, as a realistic example of the processes with the t-channel singularity in the physical region, we consider reaction (4) and present its cross section; in the section 3 we prove the basic formula used in the section 2; section 4 is devoted to the particular case -the reaction µ − µ + → eν e W + ; in the section 5 we present our conclusions; Appendix is devoted to the detailed consideration of a model process with a t-channel singularity in the physical region.
General case
In this section we show how the cross section of the reaction µ − µ + → e −ν e X can be calculated. We introduce the following notations:
2 is the square of the total energy in the center of mass frame, m and Γ = 1/τ are muon mass and width respectively, p
From simple kinematics it follows that
where q ⊥ is the component of the momentum q which is transverse to the momenta of the initial muons. Note, that
and that for q 2 = 0
For y < 1 − x (or t 0 > 0) we write the cross section in the form
where by definition dσ stand corresponds to the region q 2 < −m 2 and dσ non-stand corresponds to the region − m 2 < q 2 < t 0 .
We will show that the main contribution to dσ non-stand is given by the region of a very small values of q 2 inside the region (16):
where a is the typical transverse beam size. In the region (17) the main contribution comes from the diagram with the exchange of the muonic neutrino in the t-channel ( fig.1 ). Since for such q 2 the exchanged neutrino is almost real, the corresponding matrix element can be considerably simplified.
First, the numerator of the neutrino propagatorq can be presented in the form
Here u λ (q) is the Dirac spinor for the massless fermion with momentum q and helicity λ. Second, in the region of interest the upper block of the diagram (see fig.1 ) corresponds to the decay µ − → eν e ν µ . In this decay only left-handed ν µ is produced. Therefore in the above sum the only term with λ = −1/2 is relevant.
As a result, in the region (17) we present the matrix element M in the form
where M µ→eνeνµ is the matrix element for the µ − decay and M νµ→X is the matrix element for the ν µ µ + → X process. In both of these subprocesses we take q 2 equal to zero. Using this equation we express the non-standard contribution through the muon decay width Γ and the cross section σ νµ→X of the ν µ µ + → X process as:
For unpolarized muon beams we have
where ϕ is the azimuthal angle of the vector q. Let us call the coefficient in front of dσ νµ→X in eq. (19) as the number of neutrinos:
As it is clear from the eq.(19), the standard calculation of the cross section turns out to be impossible due to the power-like singularity, since the point q 2 = 0 is within the physical region for y < 1 − x.
The main result of our investigation of the BSE in the above process can be formulated as follows:
Accounting for the BSE results in the following treatment of the divergent integral in the eq.(19):
The exact expression for the quantity a will be given below (see eqs. (42)- (45)). We just mention here that it is proportional to the transverse sizes of the colliding beams. For the identical round Gaussian beams with the root-mean-square radii
this quantity is equal to
Hence, the quantity B ∼ a/m as it is noted in (7). The contribution (22) comes from the region (17). It is not difficult to estimate that the contribution from the rest part of the region (16) is smaller. Indeed, its relative value is of the order of
Using eqs. (22)- (24) and integrating the number of neutrinos (21) over y (in the region 0 < y < 1 − x) and over ϕ, we arrive to the following spectrum of neutrinos:
where τ is the life time of the muon at rest, cτ = 660 m. The function f (x) is normalized to 1:
The plot of this function is presented in the fig.2 . The total number of neutrinos is equal to
After the spectrum of neutrinos is obtained, the non-standard cross section for the reaction µ − µ + → eν e X is given by the equation
Subsequent integration over x can be performed without further difficulties. For the particular case X = W + such calculation is performed in the section 4.
Derivation of the basic formula
Here we are going to prove our result presented in the previous section (see eq. (22)).
To begin with, let us note that the standard notion of the cross section is an approximation itself. As is well known, it corresponds to the plane waves approximation for initial and final particles. In the real experiments the particles are confined to the beams of a relatively small size and it is the collision of such beams that leads to the measurable number of events.
In order to arrive to a more general formulae for the scattering processes, it is necessary to describe the collisions of the wave packets instead of the plane waves. In view of the fact that the movement of the particles inside a beam is quasiclassical, simple and efficient technique for taking into account the beam-size effects in the actual calculations has been developed [7] (for the review see [3] ).
Below we present some results from the refs.
[7], [3] which are essential for our discussion. For simplicity, we neglect the energy and angular spread of the particles in the colliding beams.
Let us remind that in the standard approach the number of events N is the product of the cross section σ and the luminosity L:
where v = |v 1 − v 2 | = 2 for the head-on collision of the ultra-relativistic beams. The quantities n i (r, t) are the particle densities of the beams. The transformation from the plane waves to the wave packets results in the following changes. The squared matrix element |M| 2 with the initial state in the form of the plane waves with the momenta p 1 and p 2 transforms to the product of the matrix elements M f i and M * f i ′ with the different initial states:
Here the initial state |i is the direct product of the plane waves with the momenta
κ , while the initial state |i ′ is the direct product of the plane waves with the momenta k
κ . Instead of the luminosity L the number of events starts to depend on the quantity
through the following formula
The characteristic values of κ are of the order of the inverse beam sizes, i.e.
κ ∼ 1 a .
Usually this quantity is much smaller than the typical scale for the variation of the matrix element with respect to the initial momenta. In this case we can put κ = 0 in dσ(κ ) which results in the standard expression for the number of events (28). Otherwise, one should analyze the complete formulae which take into account the effect of the finite beam sizes.
In view of the discussion given in the previous section, this is indeed the situation which occurs in our case. Now we want to show how the finite result for the number of events can be obtained starting from the complete formula (31).
Let us first define the "observable cross section" by the relation (compare with the eq.(15))
where L is the standard luminosity. By writing the number of events in such a way, we push the BSE to the quantity dσ non-stand . The study of the matrix element of the discussed process (18) suggests that the only quantity sensitive to the small variation of the initial momenta is the denominator of the neutrino propagator for small values of q 2 . Consequently, the transformations (29)-(31) reduces to the following modification:
where
Let us expand t and t ′ up to the terms linear in κ. This gives
In the center of mass frame of the colliding muons
As a result, the quantity B in the eq. (22) transforms to (compare with the eq. (6))
It has already been mentioned that the above equation must be understood in the sense that we isolate the part, which does not possess the limit κ → 0, to the quantity B. All other quantities are smooth in the above limit and hence do not present any problem.
To perform the q 2 -integration in (38) we note 1 that in the region (17)
This approximation is justified because
Then we extend the region of integration over q 2 up to ±∞. The error introduced by this procedure is of the order of (m/a)/Λ ≪ 1 (cf. eq. (24)). Now the integral over q 2 along the real axis can be replaced by the integral over the contour C which goes around the upper half plane of the complex variable q 2 :
Here
The result is provided by the pole q 2 + λ 0 − iǫ = 0 in the upper half plane. Further integrations are simply performed with the help of the exponential represen-
Subsequent integrations over κ and ̺ become trivial and we obtain
After simple redefinition αq 0 ⊥ = ̺ we get for the factor B:
This completes the proof of the eq. (22).
At high energy colliders the distribution of particles inside the beams can be often considered as Gaussian. In this case L(̺n) equals:
where a . This results in the following expression for a:
For the round (but not identical) beams with the root-mean-square radii
It is interesting to note that the quantity a and the non-standard cross section are determined by the size of the largest beam. For the round and identical beams with σ 1⊥ = σ 2⊥ = σ ⊥ the result of (23) can be obtained. 
where Γ(W → µν µ ) = 0.22 GeV is the partial W decay width and M = 80.2 GeV is the W boson mass. Integration over the fraction of the neutrino energy x in the eq. (27) becomes trivial and we obtain:
For numerical estimates we take a = √ πσ ⊥ (which corresponds to the case of the round identical Gaussian beams) with (see ref. [8] )
This non-standard cross section reaches the maximum of 0.76 fb for √ s = 93 GeV. For larger energies this cross section decreases as s −3/2 . It is interesting to note that the modest value of the non-standard cross section 0.76 fb is the result of the product of the very small number of neutrinos
and the huge value of the cross section for the ν µ µ + → W + transition averaged over neutrino spectrum
First, let us compare this non-standard piece with the standard contribution to the same cross section. We remind that by "standard" contribution we mean the cross section of the same reaction calculated by the standard rules excluding the region of the final phase space where q 2 > − m 2 . This contribution was calculated [9] with the help of the CompHEP package [10] . The comparison of both contributions is shown in the fig.3 . It is seen that the non-standard contribution dominates up to the energies √ s ≈ 105 GeV.
Second, we compare our non-standard cross section with the cross section for the single W boson production in the reaction
The latter is completely standard process since it has no t-channel singularity. The reasonable estimate of its cross section can be quickly obtained with the help of the equivalent photon approximation. It gives the cross section ≈ 1 fb at √ s ≈ 95 GeV (where it almost coincides with our non-standard cross section). At higher energies the process µ − µ + → µ −ν µ W + dominates as compared with the discussed process µ − µ + → eν e W + .
Conclusions
We have considered the processes with the t-channel singularity in the physical region.
As the result of our study the following statement is proved: Accounting for the finite beam sizes eliminates the singularity and makes it possible to obtain the finite result for the observable cross section.
In contrast to all previously known cases, the beam-size effect for the processes with the t-channel singularity in the physical region turns out to be linear proportional to the transverse size of the colliding beams.
The effect appears to be connected with the real decay of the unstable particle in the initial state followed by the scattering of its decay products on the opposite beam [6] . Evidently, the "interaction region " for such a scenario is only bounded if the finite sizes of the colliding beams are taken into account. In the traditional approach to the scattering process the initial states are the plane waves, which are not restricted to any finite volume. As a price, infinite cross section due to the t-channel singularity is obtained.
The results presented in this paper correspond to the situation when the parameter a/(cτ ) ∼ N ν ≪ 1 or when the unstable particle life time is much larger than the interaction time ( for muon colliders this approximation is clearly perfect). If this parameter increases, stationary approximation becomes wrong at some point. In this case the effects of the initial particle instability and the beam size effects should be considered simultaneously.
As a practical example, we consider the process of the single W boson production at µ − µ + colliders. We demonstrate that the standard cross section for a single W boson production and the non-standard one are of the same order of magnitude in the energy region slightly above threshold of this reaction. For higher energies the relative size of the non-standard contribution rapidly decreases.
We also note that precisely in the same way as above the processes like µ − µ + → eν µ W + and µ − µ + → ν µνe W + can be considered. In this processes the t-channel singularity will be due to the electron neutrino and electron propagators respectively. In virtue of the discussion given above these processes will correspond to the collision of the real electron neutrino or electron produced in the µ − decay with the opposite µ + beam. 
